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1. Abstract

In this paper we describe the modelling of producer/consumer
constraints with the CHIP system. Producer/consumer constraints
arise in scheduling problems with consumable resources like raw
materials or money, in particular for batch based processing. The
constraint assures that at each time point enough consumable
resources are available. The modelling with CHIP uses the
cumulative constraint to express conditions in a very declarative
way, yet obtains very good propagation due to the reasoning power
build into the cumulative constraint. We show that with
producer/consumer constraints many resource scheduling problems
can be easily expressed and give examples of its industrial use.

2. Introduction

Constraint logic programming (CLP) [FHK92][JM94] is increasingly
used to solve hard scheduling and planning problems [BKC94] [BCP92]
[BS92] [BDP94] [CDF94] [DS91] [Ev92] [FS90] [Wa94]. Special
constraints like cumulative [AB93] and diffn [BC94] have been
introduced to express constraints on renewable resources [G092], like
machines or personnel. These resources can be used over a time period
up to a certain level of availability. In this paper we show how to model
constraints on consumable resources with the same basic mechanisms.
Consumable resources often are raw materials or amounts of money,
which are available in limited amounts over certain time periods. A
producer/consumer constraint on consumable resources expresses that at
any time point more resources must have been produced than consumed.
We use CHIP [DHS88] to express these constraints. CHIP is a
constraint logic programming system originally developed at the ECRC
in Munich [VH89][HSD92], and further developed by COSYTEC. We
express producer/consumer constraints in the finite domain solver of
CHIP, using the global cumulative constraint [AB93].



The paper is structured as follows:

In section 3, we introduce the producer/consumer constraint with several
variations. Section 4 gives the declarative semantics of the constraint.
Section 5 briefly introduces the cumulative constraint in CHIP. The next
section describes the modelling of the producer/consumer constraint
with the help of the cumulative. In section 7, we present different
extensions of the constraint. Finally, we discuss the use of the constraint
for the ATLAS scheduling system in section 8.

3. Producer/Consumer Constraints

Producer/consumer constraints arise in many different variants. We now
discuss some typical examples.

3.1 Raw Materials

Consider a scheduling problem where each task requires certain
amounts of different raw materials. The raw materials must be available
at the beginning of each task in order to start the task. Some initial stock
of the different raw materials is available, more becomes available with
receivings of raw materials in given quantities at certain time points.
The problem consists in scheduling the task in such a way that for each
task all raw materials are available at its start. In this case, the
production of the resource is fixed (known), only the consumption can be
varied by scheduling tasks at different time points. We call this type of
constraint a consumer constraint.

3.2 Finished Products

The opposite problem occurs when scheduling with hard delivery dates of
finished products. Each task produces a certain quantity of finished
products at the end of the task. A certain initial stock of each finished
product may be available. There are orders for defined quantities of
finished products for fixed dates, which must be satisfied. The problem
consists in scheduling the tasks in such a way that all orders can be
satisfied. Since in this case the consumers are fixed and only the
producers (tasks) are variable over time, we call this situation a producer
constraint.

Note that this model is a generalisation of the usual production
scheduling problem[Ba74][Go93][CC88][Fr82], where orders are
matched one-to-one with production tasks. In this case, the producer
constraint simply consists in scheduling all tasks before their due-date,
which can be easily expressed by inequality constraints. This simplified
model can be used in many situations where orders are few and known
well in advance. It can not be used if many orders require the same
finished product and there is no direct link between orders and
production tasks.



3.3 Intermediate Products

This situation arises in multiple step scheduling problems, where some
tasks create an intermediate product in certain quantities and other
tasks use that intermediate product. Typical examples are batch based
production in the chemical and food industry. We call this type of
constraint the general producer/ consumer constraint.

Again this is a generalisation of a well known problem. In the job-shop
scheduling problem [CC88][Pi88], each job consists of tasks which have
to be scheduled in some order. This order often 1is caused by
producer/consumer constraints between the tasks. The difference is that
producers and consumers are matched one-to-one, this is not the case for
the general producer/consumer constraint, where the sequence of tasks is
not predetermined.

4. Mathematical Formulation

A mathematical formulation of the producer/consumer constraint is quite
simple. Given an initial quantity Qo at time 0, and given a set of
producers Pi which produce amounts Qpri at times Tpi and a set of
consumers Cj which consume amounts Qc¢j at times Tgj, the following
inequalities must hold:

Let
a=min -Ci'TPi =
b = max ’Ci’TPi
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Unfortunately, these constraints can not be easily expressed as sets of
inequality constraints, except in the case that Tri and T are fixed or a
total (temporal) order is given for the Pi; and Cj events. In that case, the
constraint can be expressed as a set of recursive equalities and
inequalities on the stock level S; at time point t:

Sa = QO
Vte[ab-1] S, =S+ > Q- > Qy @)
Tpi=t ch =t

Vte[a,b] S, >0

If the time points Tri or Tcj are not fixed (resp. no total order given on the
events), it is very difficult to express the constraints without adding
many additional decision variables.



Fortunately, an alternative solution exists to this problem: using the
cumulative constraint in CHIP.

5. Cumulative Constraint

Originally [AB93], the cumulative constraint was introduced in CHIP to
tackle complex scheduling problems which could not be solved efficiently
with current constraint logic programming systems. Also, experiments in
solving complex decision making problems have shown the possibility of
extending the use of the cumulative constraint in order to solve
placement problems [BC94]. We now briefly describe the declarative
semantics and the interpretation of the cumulative constraint

cumulative([S1,...,Sn], [D1,...,Dn], [R1,...,Rn], L)

where [Si,...,Su], [D1,...,Dn] and [Ru,...,Ra] are non-empty lists of domain
variables that have the same length n, and where L is a natural number.
For a domain variable V, we define respectively min(V) and max(V) as
the smallest and the greatest value of the domain of the variable V.

Let:

a = minimum(min(s,),...,min(S,))
b = maximum(max(S,) + max(D,),...,max(S,)+ max(D,))

The cumulative constraint holds if the following condition is true:

vt e[a,b]: >R <L 3)
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Procedurally, the implementation of the cumulative constraint
corresponds to a specialisation of the lookahead [VH89] declaration.
From an interpretation point of view the cumulative constraint matches
directly the single resource scheduling problem [G093] [CC88], where
S1,..Sn correspond to the start of the tasks, Di,..,Dn correspond to the
duration of the tasks, and Ri,..,Rn to the amount of resources used by
each task. The natural number L is the total amount of available
resource which must be shared at any instant by the different tasks. The
cumulative constraint states that, at any instant t of the schedule, the
sum of the amounts of resource for all tasks that are active at time t does
not exceed the upper limit L.
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Figure 1: Cumulative Constraint

6. Modelling

We now face the question on how to express the producer/consumer
constraint with the help of a cumulative constraint. We will describe the
intuition of the modelling first, and then show its correctness formally.
The cumulative constraint models tasks, which have a start and an end
date, a duration and a resource use, and a resource availability which
constrains the amount of resource available at any given time point. The
producer/consumer constraint models events, which occur at a time point
with a given quantity and constrains the overall resource consumption
over a time period.

In order to express the producer/consumer constraint with the
cumulative constraint, we have to convert the events at a time point into
tasks stretching over a time period and convert the constraints over
resource use in a time period into constraints on individual time points.
In a sense, the producer/consumer constraint is the dual of the
cumulative constraint, in that time points and periods change their
meaning.

The basic idea of the conversion is as follows:

A producer events makes some amount of resource available at a time
point. We express this by a task which block a resource from the start
until this time point.

A consumer event uses up some resource at its time point. This resource
is no longer available and thus blocked until the end.

The consumer events can consume the initial stock and all production
finished before them, the resource limit in the cumulative constraint is
then the sum of all producer quantities plus the initial stock.
Graphically, we can express the situation with the following diagram:
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Figure 2: Producer/consumer constraint as cumulative

As long as the producer and consumer areas don’t overlap, the constraint
is satisfied.

Formally, we define consumer tasks and producer tasks to express the
producer/consumer events.

The producer tasks for the Pi events are defined with a start date a, a
duration Tpi-a and a resource use Qpi.

The consumer tasks for the C; events are defined with a start date Tc;j, a
duration b-T¢j and a resource use Qg;.

The overall availability level for the cumulative constraint is given by
the equation:

L= Qo + ZQPi 4)

AllR
Using the declarative semantics defined for the cumulative constraint

above, we can show the correctness of our modelling. For each time point
t, the cumulative constraint expresses the inequality

vt €[a,b]; >R <L (5)
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Using our descriptions for producer and consumer tasks, we obtain



ZQPi + ZQCj < ZQPi +Q
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ZQCj < ZQPi +Qp (6)
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which is the definition of the producer/consumer constraint.

7. Extensions

In this section we discuss some extensions of the basic constraint which
often occur in real-life situations. We show that the same modelling can
be used after some simple transformations.

7.1 Margins

The basic constraint above states that at each time point the stock level
of the consumable resource must be greater or equal to zero. In reality,
this constraint will be strengthened to hold a minimum operational stock
level I, which must be available at all times. The minimum stock is a
safeguard against unexpected delays or requirements of the consumable
resource. The actual amount for [ will be carefully chosen as a
compromise between the inventory cost of this stock and the possibility
of running out of stock.

Handling this safety margin in our constraint modelling is trivial, we
just reduce the initial stock by the value .

7.2 Variable Resource Consumption

In our modelling above we have assumed fixed quantities for producer
and consumer events. We can easily extend the modelling to cope with
variable quantities by using an extension of the cumulative constraint
which allows variable resource limits.

A possible alternative can be used in special cases of batch based
production. In some batch production systems, the size of one batch can
be adjusted between a minimum level Min and a maximum level Max. In
order to produce an overall quantity @ty of a product, we can then find
the minimum number N of batches required to fill the order given by:

@

This number of batch tasks is then scheduled with a producer/consumer
constraint, which controls the start and end of each batch. After this
schedule has been obtained, a fine tuning of the batch sizes can be
performed independently using the recursive equations 2. This fine



tuning will minimise the batch sizes in such a way as to obtain the
smallest possible inventory cost. This is done be reducing batch sizes at
the beginning of the time period, while satisfying overall stock
constraints.

This approach is worthwhile if the number of batches to be produced
should be minimised, i.e. if the batch processing is a critical resource. If
not, it may be better to split the production into more batches, so that
the stock level can be further reduced.

7.3 Splitting Resource Use

Until now we have assumed that consumer events require the full
quantity of the consumable resource at one time point, and that producer
events make the total amount of resource available at one time point.
This assumption works well for batch based production, where a given
quantity of resource is either required at the beginning or becomes
available at the end of a batch production step. This type of production is
a single step producer/consumer.

This type of resource use is often coupled with other production steps,
which continuously consume or produce resources. A typical example is a
packaging line in food industry, which produces a constant flow of
finished products and consumes a constant flow of raw materials. This
type of production corresponds to a continuous flow producer/consumer
constraint. As the flow rate is constant over time, we can treat this type
of problem with the cumulative resource constraint, specifying that at
each time point the quantities produced and consumed must be balanced.
A third type of constraint occurs if a process produces/consumes
resources neither in a single step nor in a continuous flow, but rather in
multiple steps. This often happens if (limited) buffers are available in
front of a continuous line, or the finished product from a continuous line
is stored in large containers. A typical example would be the packaging
of many bottles in crates and palettes. Depending on the time scale,
finished palettes may become available in discrete steps, not in a
continuous flow.
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Figure 3: Different Resource Usage Pattern

In the modelling of the producer/consumer constraint, we can introduce
multiple step consumption by splitting the producer/consumer tasks into
sub tasks with smaller quantity and linked start/end times.

7.4 Limited Storage

The producer/consumer constraint expressed until now only assumes
that a minimum limit exists on the stock available of the consumable
resource. In practice, the overall storage space will often be limited as
well. In this case, we also have to express a constraint on the maximum
amount of stock available at each time point. This limit may be given for
one resource (for example size of a storage tank) or may be given for the
amount taken by several resources together (space in a warehouse). We
can express this limit declaratively by the inequality:

Vte[ab] Qo+ > Qn->.Qy<S ®

Toist Tg<t
To express this constraint with the cumulative formalism, we exchange
the role of producer and consumer tasks. Consumer tasks now use
storage space from the beginning and free storage space at their end,
while producer tasks use up storage from their start to the end. The
overall resource limit is given by

L:S+2ch_Qo 9)

AllGj

The cumulative constraint then expresses
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8. Practical Use

We now discuss some examples of the use of consumer/producer
constraints for real-life applications. The ATLAS system is a scheduling
application for one part of the MONSANTO plant in Antwerp. The
program schedules the production of different types of herbicides. The
production process is shown in figure 4. Production consists mainly of
two steps, a batch formulation part and a continuous packaging
(canning) operation.

Processor Tank

1 1 Canning Line
1

Processor Tank

2 »2 Canning Line
2
Canning Line
m

Processor Tank
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Figure 4: ATLAS production process

Besides many constraints associated with machine choice, set-up times

and cumulative manpower constraints, producer/consumer constraints

play a major role in the problem solver. The constraints occur in different
places:

e Each batch processing step requires different raw materials from a
set of available raw materials. Raw materials are stored and
delivered at different (fixed) time points in the future. This is a
typical consumer constraint where we schedule the use of the raw
materials, but not their production.

e The chemicals produced in the batch process are then used to fill
bottles and cans of different types and sizes. There is a limited
number of storage tanks of fixed sizes which are used to store the



product between production and consumption. The materials for the
canning operation must be available at the beginning of each shift.
This producer/consumer constraint expresses both minimum and
maximum values on the stock levels. Different packaging tasks may
use the same intermediate product, which is produced in several
batches. The consumption for one task is split in multiples of shift
based demands.

e A fine tuning of the batch sizes is performed as a separate step after a
schedule has been obtained and accepted. This fine tuning is used to
reduce the storage requirements of the intermediate products.

e Besides the chemicals, the canning operations require other
packaging materials like bottles, caps, labels, cartons, tape etc.
Different canning tasks compete for some of the resources, which can
be delivered with a fixed lead time only or by daily call-off from the
manufacturer. Again, this is a consumer constraint which splits
demands based on the shift pattern. Due to the number of different
packaging materials and their storage requirements (empty bottles),
only very limited stocks can be held inside the plant. Transfers from
and to outside warehouses (also of limited size) must also be taken
into account.

e The canning tasks do not correspond directly to orders, one task may
serve different orders or several tasks may be needed to fill one order.
In addition, some finished product stock may be available. A producer
constraint expresses this type of problem.

Not all of these constraints are active in the actual system. Some stock
levels (like raw materials) are not critical to the schedule, others (like
finished products) are known to be unsatisfiable, as not all orders can be
produced in the given time limits.
The actual system works with data sets of several dozen intermediate
products and more than one thousand packaging materials, of which
roughly one hundred are critical. A typical schedule may contain several
hundreds of batches and canning tasks split into many sub-tasks to
handle the stock level constraints with an eight hour resolution. In
addition, (literally) several thousand other constraints are needed to
express other parts of the scheduling problem.

The ATLAS system has been developed jointly by Beyers and Partners

and COSYTEC. It is fully operational and in daily use since April 1994.

Its overall size is around 30000 lines of CHIP and ORACLE

forms/reports code, of which 4000 lines form the actual problem solver. A

complete re-run of the problem solver takes some minutes to find a

solution of high quality.

The producer/consumer model with the cumulative constraint made it

possible to express and effectively solve this scheduling problem in

CHIP. But the ATLAS system is not the only application using the

producer/consumer modelisation. We just mention two others:



e A scheduling/planning system for crude oil transport in a pipeline
network uses producer/consumer constraints for stock levels both for
the different sources and for the different sinks.

e A transportation scheduling system for a food processing company
uses producer constraints to ensure that raw material transports from
many sources arrive in time to keep the different factories operating,
while minimising the stock held at each site.

9. Summary

In this paper we have discussed the modelling of producer/consumer
constraints for consumable resources with the cumulative constraint in
CHIP. This modelling allows to express the constraint in a simple, yet
very efficient manner.

Producer/consumer constraints arise in many scheduling and planning
problems dealing with stock levels of raw materials and intermediate or
finished products. The constraints state that at all time points the
available stock level must be between minimum and maximum values.
Producer/consumer constraints are a generalisation of sequence
constraints arising in flow shop or job shop scheduling problems and
occur in many scheduling problems with batch or continuous processing.
It is important to note that we could add this important class of
constraints to CHIP without adding any new built-in constraint, just by
re-using existing constraints in a novel way.

In addition to the formalism we have presented a typical example of the
constraint use from the ATLAS system, a real-life application jointly
developed in CHIP by Beyers and Partners and COSYTEC.

In conclusion, the producer/consumer constraint enables us to solve new,
more complex scheduling problems with the CHIP system in a simple,
yet efficient way.
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