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Abstract. In this paper we give an overview of an early prototype which learns
structured constraint models from flat, positive examples of solutions. It is based
on previous work on a Constraint Seeker, which finds constraints in the global
constraint catalog satisfying positive and negative examples. In the current tool
we extend this system to find structured conjunctions of constraints on regular
subsets of variables in the given solutions. Two main elements of the approach are
a bi-criteria optimzation problem which finds conjunctions of constraints which
are both regular and relevant, and a syntactic dominance check between conjunc-
tions, which removes implied constraints without requiring a full theorem prover,
using meta-data in the constraint catalog. Some initial experiments on a proof-of-
concept implementation show promising results.

1 Scope and Assumptions

Global constraints were initially introduced [3] in order to more efficiently handle the
filtering associated with some recurring structured constraint networks [1]. An inher-
ent disadvantage of the approach is that the introduction of global constraints does not
make using constraint programming any easier, since the growing number of global
constraints presents confusing choices to most users. Based on this recognized concern
about ease of use of constraint programming [13], this paper shows how global con-
straints can be, in the context of structured problems, an essential component to auto-
matically learning models from example solutions. More precisely, this paper presents
the sketch of a generic approach, as well as a proof of concept, for automatically ex-
tracting constraint models from a set of positive, flat samples, that relies both on global
constraints and constraint programming. This work is done under the following five
assumptions:

1. We assume that the samples directly correspond to solutions that one typically finds
in standard magazines and/or standard Operations Research problems compendium
for the corresponding problems, i.e., we do not require that samples are solutions
of special, reformulated models of the original problem.
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2. Many problems are not defined completely just by a solution, they also involve
some kind of additional data or hints, which are required in order to interpret the
solution. This is the case both for a number of puzzles where hints are part of the
problem statement, as well as for a number of Operations Research problems where
data (e.g., a cost matrix in optimization problems, or durations and resource use of
activities in scheduling problems) are also part of the problem definition. Within
this paper, we restrict ourself to problems where, beside the positive samples, no
extra hints are provided.

3. We assume that all positive samples are correct (i.e, there is no noise in the sample
data).

4. All samples have the same size, i.e. we do not have to generalize the model found
for arbitrary problem sizes.

5. We assume that we are looking at problems that have a strong internal structure,
i.e., they can be represented in a very compact way. This is in fact the case for most
problems considered by Constraint Programming, but is equally true for problem
class repositories like Garey and Johnson [11].

Our approach takes advantage of assumptions 3. and 5., i.e., on the fact that our
samples are reliable and that we restrict ourself to structured problems. It also relies on
the following key ingredients:

— First, it tries to express models as a limited number of conjunctions of similar global
constraints. It uses the knowledge base describing various properties of global con-
straints provided by the global constraint catalog [2] in order to come up with con-
straints that are not only valid for the given samples, but also make sense for a
human modeler.

— Second, it relies on the global Constraint Seeker functionality [4] for retrieving
and ranking relevant candidate constraints that can match a given combination of
parameters obtained from the positive samples.

— Third, it addresses the learning problem of a conjunction of constraints as a bi-
criteria optimization constraint search problem, where a conjunction of constraints
can both be represented in a very compact way, and consists of constraints that are
highly ranked by the Constraint Seeker.

Section 2 provides an overview of the different components of our method. Sec-
tion 3 will evaluate our method on some initial example problems, while Section 4
looks at related work.

2 Overview of the Learning Algorithm

The learning algorithm is decomposed into the following successive steps:

1. Given V = vy, v9,...,vs variables, where s is the size of the samples, a groups
of variables generator generates ordered sequences of variables of }V on which we
will search for constraints. The aim of this generator is to systematicaly propose dif-
ferent ways of grouping variables together, which can be both described concisely



and which matches the pattern found in typical constraint models. One example
is the matrix partition generator matriz(p, q, v, ) which interprets a sample of
size s = p * g as a p X ¢ matrix, and extracts blocks of size « * 3 from « rows
and 5 columns. Another example is the diagonal generator which, for s = n x n,
extracts the two main diagonals of the n x n matrix. Other generators are described
in http://4c.ucc.ie/~hsimonis/modrefll.pdf, which also contains
a more detailed description of the other components of our tool.

. The instance generator takes as input the samples as well as the ordered sequences
of variables generated by the groups of variables generator. From this input it gen-
erates the ground parameters that will be passed to the Constraint Seeker [4] in
order to retrieve the corresponding matching constraints. Since this part is quite
straightforward it will not be detailed here.

. For each sequence of variables the candidate generator takes the corresponding
ground parameters built by the instance generator and calls the Constraint Seeker
to find relevant constraint candidates. The details of this operation are described
in [4].

. Once the candidate generator has generated a set of candidate constraints for each
element of the ordered collection of sequences of variables, we call the relevance
optimizer on each such collection. Its purpose is to find out for each ordered collec-
tion of sequences of variables one or several conjunctions of constraints that con-
sist of both highly relevant and concisely described, structured sets of constraints.
This step is done by solving a bi-criteria constraint optimization problem. One of
the criteria is the regularity of the set of constraints. We prefer sequences which
change only a few times, or which have a periodic structure with a short period.
We can express this regularity by representing the constraint alternatives by inte-
ger indices, and then expressing change or period constraints over possible
integer sequences. For each selected constraint we also know its rank in the Con-
straint Seeker output, which can be linked to the constraint index by element
constraints. For a sequence of constraints, the rank is defined as the sum of the
ranks of its constraints. These two criteria are incomparable, the resulting problem
is therefore treated as a multi-criteria optimization problem.

. Given a set of conjunctions of constraints found by the relevance optimizer, the
dominance checker discards conjunctions that are implied by other conjunctions.
As checking for implications between arbitrary sets of constraints is hard even for
a full-featured theorem prover, we use a weaker domination criteria, based on meta-
data in the constraint catalog. Key concepts besides implication are contractible and
expendible. A constraint is contractible w.r.t. to one of its arguments, if we can re-
move any variable from that argument in a solution, and still obtain a solution. The
alldifferent constraint for example is contractible. A constraint is expendible
if we can add any value to an argument in a solution, and still obtain a solution.
The at least constraint is extensible. Used together with meta-data about impli-
cations, we can now check if one set of constraints is dominated (and therefore
implied) by another one, based on a simple, syntactic check.



3 Evaluation

Instead of describing the details of our algorithm formally, we concentrate here on pre-
senting some initial example uses, which show the potential of the proposed method.

3.1 Magic Squares

We start our evaluation with a small puzzle, the Magic Square problem. In a Magic
Square of size n, we find all numbers from 1 to n2 in the cells of a quadratic matrix,
and the sum of each row, each column and both main diagonals is the same and equal

712 .
to % One of the most famous Magic Squares of size 4 was used in the engrav-

ing Melencolia I by Albrecht Diirer, it is shown in Figure 1. Each cell contains one of
the numbers from 1 to 16, with the index indicating the position in the input vector,
counted from 1. To use this example as input for our program, we flatten the struc-

Fig. 1: Magic Square of Size 4x4
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ture and only keep the integer vector 16, 3,2,13,5,10,11,8,9,6,7,12,4,15,14,1 in
the given order. Our program finds the constraints shown in Figure 2. We encounter
a number of constraints: the alldifferent_consecutive_values constraint
states that the values are pairwise distinct (alldifferent), but also range over a
consecutive range of numbers (here 1 to 16). The symmetric_alldifferent en-
forces the usual alldifferent constraint together with the condition z; = j &
x; = ¢. The sum_ctr constraint is the linear equality constraint > x; = 34, us-
ing the additional parameters = (for equality) and 34, as a right-hand side. Finally,
strictly._decreasing enforces binary > constraints between its arguments.

The constraints shown above are the only ones remaining after the dominance
check for the given sequence generators and the constraints currently considered by
our program. The program found 45 initial candidates, matching the positive exam-
ple for each sequence element. 28 candidates were removed by the dominance check,
for example alldifferent constraints on each row and column, dominated by the
alldifferent_consecutive_values constraint on the complete set of vari-
ables. Of the remaining 17 candidates, 8 were removed as trivial, for example no_peak
constraints on 2 variables, which are trivially satisfied.

Note that the constraints shown do not uniquely identify the given problem instance.
We can write a constraint program based on the constraints found and search for solu-
tions. Figure 3 shows all 5 solutions for this program, they nicely generalize the one
example we provided as input.



Fig. 2: Constraints Found for Magic Square
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Fig. 3: Solutions to Generated Model
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Not all Magic Squares will satisfy the additional constraints shown above, they are
only valid for a subset of all 4x4 Magic Squares and are therefore not redundant. This
leads to the question on whether we can isolate the original constraints of the problem
and how many samples we will need for that task. To answer this question we perform
an experiment where we pick a random sample of k entries from the set of all solutions
for the 4x4 Magic Square problem, and count how many constraint pattern are detected
by our program. Table 1 shows the distribution of results over 100 runs for each sample
size. The rows indicate the size of the sample, between 1 and 9. The columns indicate
how many runs produced ¢ pattern. The results seem to indicate that for the Magic

Table 1: Number of Pattern Found in 100 Runs, for Different Sample Sizes
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Square problem even with only three or four samples a rather accurate identification
of the core constraints of the problem is possible. But note that the random sample
selection does not really match typical human behaviour, humans often have difficulty
creating or selecting random problem instances.

3.2 BIBD

As a second example we consider the Balanced Incomplete Block Design (BIBD) gen-
eration, which is a standard combinatorial problem, often used as a benchmark problem
in Constraint Programming. A BIBD is defined as an arrangement of v distinct objects
into b blocks such that each block contains exactly k distinct objects, each object occurs
in exactly r different blocks, and every two distinct objects occur together in exactly A
blocks. Another way of defining a BIBD is in terms of its incidence matrix, which is
a binary matrix with v rows, b columns, r ones per row, k ones per column, and scalar
product A between any pair of distinct rows. A BIBD is therefore specified by its pa-
rameters (v, b, 1, k, ). We consider the (7,7,3,3,1) design, with the sample, given as an
incidence matrix, shown in Figure 4.

Figure 5 shows the constraints found based on this one positive sample, together
with the partition on which they apply. The constraints are expressed on the rows and
columns, and an additional, spurious no_peak constraint set on the diagonals. We find



Fig.4: Sample (7,7,3,3,1) Design
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Fig. 5: Constraints Found for BIBD Example
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the row and column sums (sum_ct r), which work on each row and column individu-
ally. But we also find the scalar_product constraint, which is expressed on all pairs
of rows resp. columns. For the given example we also find the double-lex constraints
which impose the lexicographical order on rows and columns in our example. They are
expressed in two ways: the lex_chain_less considers the matrix of all rows resp.
columns, while the 1ex_less constraint expresses the same condition on all pairs of
rows resp. columns.

3.3 Orthogonal Latin Squares

As alast example we consider Orthogonal Latin Squares of size n, which are twon xn
matrices A and B containing numbers from 1 to n, which are Latin Squares (i.e. each
row and column is alldifferent), and where the tuples (a;;, b;;) are pairwise different.
One finds a list of all low-order Latin Squares athttp://cs.anu.edu.au/~bdm/
data/latin.html, with samples given as vectors of integer values, e.g. 0, 2, 1, 3,
4,6,5,6,1,4,2,5,3,0,1,0,6,5,3,4,2,2,5,0,4,6,1,3,5,3,2,6,1,0,4,3,4,5,



1,0,2,6,4,6,3,0,2,5,1,0,6,5,2,1,4,3,5,0,4,3,2,1,6,2,1,3,5,0,6,4, 1,
4,2,0,6,3,5,6,3,0,1,4,5,2,4,5,1,6,3,2,0,3,2,6,4, 5,0, 1 as an example of
a 7x7 Orthogonal Latin Square. Note that this does not indicate where we can find the
matrices A and B, but just provides a vector of integer values, as we require as input
format.

The constraints found by our program are shown in Figure 6, we identify the matri-
ces A and B, find the key alldifferent_consecutive_values constraints on
rows and columns for the Latin Squares, and find the 1lex_alldifferent constraint
on all pairs (a;j, b;;), just by exploring different matrix generators. We also find weaker
lex_alldifferent constraints and a sum_ctr constraint. Some of these may be
implied by domination rules which have not been implemented yet.

Fig. 6: Constraints Found for Orthogonal Latin Squares Example
Partition Constraints
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4 Related Work

Our proposed method is a special, restricted case of Constraint Acquisition. Constraint
Acquisition [12] is the process of finding a constraint network from a training set of
positive and negative examples. The learning process operates on a library of allowed
constraints, and a resulting solution is a conjunction of constraints from that library,
each constraint ranging over a subset of the variables.

This area of research has attracted a fair bit of work over the last ten years [6, 10,
5,9, 14]. A key idea for solving this problem is the use of version space learning from
Al, which considers the set of all possible constraint networks which accept the training
set.

In an interactive setting, the training set is not fixed, but will be derived incremen-
tally. If the target model has not been identified, the system may suggest new training



instances, which the user has to classify as either positive or negative. Ideally, these new
examples are chosen to maximally reduce the version space that needs to be considered.

One of the challenges of constraint acquisition for a library of global constraints is
that many global constraints have additional parameters which might not occur in the
examples given, which only list the main decision variables describing the problem. The
values of these parameters must be learned from the examples as well, this is considered
in [7, 8].

Another issue is that in constraint acquisition we don’t know over which subset of
the decision variables a constraint will be expressed. When we consider only binary
constraints, this does not matter, we can explore all binary combinations of variables in
quadratic time. For a global constraint with % variables which ranges over a subset of n
decision variables, we are faced with a combinatorial explosion, especially if the order
of the variables in the constraint matters.

We address these two problems in the approach presented here:

— When considering structured variable sequences over multiple positive examples,
we can quite systematically explore which global constraints, with sufficient addi-
tional parameters, may be consistent with all sequences given. In case of functional
dependencies we do not have to guess these additional parameter values, we can
derive them automatically from the instances.

— By systematically exploring structured variable partitions we avoid the potential
combinatorial explosion of looking at every subset of the variables. These parti-
tions lead to potential sequences of constraints, of which we only keep those with
sufficient structure (periodic or with limited number of changes). This also avoids
the problem of finding a multitude of candidate constraints over random subsets of
the variables. At the same time we can, by considering solutions with higher cost,
also find less structured sets of constraints over the considered sequences.

5 Conclusion

We have presented in this paper a first step towards building a practical constraint acqui-
sition system which can automatically derive structured constraint models from small
sets of positive examples, considering the global constraints in the global constraint
constraint catalog as basic building blocks. This work extends our previous results on a
Constraint Seeker by partitioning given positive examples systematically into structured
subsets, and applying the Constraint Seeker on each of these sequences. We then solve a
multi-criteria constraint optimization problem to discover regular constraint structures
over these sequences, and finally apply meta-data from the constraint catalog to filter
dominated constraint candidates. Initial experiments indicate that this method can be
applied to a variety of structured constraint problems.
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